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Abstract
Let G= (V; E) be a directed graph, let M be an abelian group, and let f :E → M be a ow.
We say that f is antisymmetric if f(E)∩−f(E)= ∅. Using a theorem of DeVos, Johnson, and
Seymour, we improve upon a result of theirs by showing that every directed graph (without the
obvious obstruction) has an antisymmetric ow in the group Z33 × Z66. We also provide some
additional theorems proving the existence of an antisymmetric ow in a smaller group, under
the added assumption that G has a certain edge-connectivity.
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1. Introduction
Nowhere-zero ows initiated by Tutte [15] may be viewed as dual to vertex colorings
of graphs. Despite the fact that they are de=ned by means of an orientation of the
graph, the existence of a given M -ow (M a given abelian group) does not depend
on the given orientation, and thus a nowhere-zero ow is a property of the underlying
undirected graph.
Motivated by the notion of oriented chromatic number (see [9,14]) of a graph G =
(V; E) Ne&set&ril and Raspaud de=ne in [8] the notion of antisymmetric 3ow (or anti3ow
for short) which should be viewed as the dual notion of a (strong) oriented coloring.
An M -ASF (antisymmetric ow) is any ow f :E → M (M an abelian group) such
that no two arcs e; e′ ∈E get opposite value f(e) =−f(e).
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It follows that any antisymmetric ow is a nowhere-zero ow. However, the evidence
shows that the antiow property is substantially harder to handle than nowhere-zero
ow. It was proved in [8] that an antisymmetric ow exits for any oriented graph
without an oriented 2-cut and that any orientation of a 3-edge connected planar graph
has a Z56-ASF (of order 7776). That latter property was proved by the dual connection
to (strong) oriented chromatic number.
These results were extended in [1] where it was proved that any orientation of a
3-edge connected graph has a Z93 × Z86-ASF (thus solving the main problem of [8]).
The purpose of this paper is to supply some further results which improve bounds
given in [1,8].
The paper is organized as follows: in Section 2 we give all de=nitions needed, in
Section 3 we give the new bound for 3-edge connected graphs. In Section 4, we give
some bounds for k-edge connected graphs (46 k6 6), Section 5 contains concluding
remarks.
2. Denitions
Let G = (V; E) be an oriented graph, if S ⊂ V we denote by !+(S) the set of the
edges which begin in S and end in V \ S. We write !−(S) = !+(V \ S). If M is an
abelian group (with additive notation), then an M -ow is a mapping  from E to M
such that for all S ⊂ V , ∑e∈!+(S) (e)−
∑
e∈!−(S) (e)=0. Now if B ⊂ M , such that
0 ∈ B and B = −B then a B-nowhere-zero ow (in short B-NZF) of a graph G is a
ow of G where the values are taken in B, see [3].
As is customary, an M -NZF is de=ned as a B-NZF for B=M \ {0}.
When M = Z and B ⊆ [1− k;−1] ∪ [1; k − 1] (k¿ 2), we call a B-NZF a k-NZF.
A classical result of Tutte [15] is that for a graph a Zk -NZF exists if and only if a
k-NZF exists.
In [8] we proposed the following de=nition:
If B ⊂ M is such that B ∩ −B = ∅, then a ow with values in B will be called
an antisymmetric 3ow. In this case we will say that G has a M -antisymmetric ow
(shortly M -ASF).
If G contains an isthmus then G does not admit a nowhere-zero ow. If G contains
an edge-cut consisting of two edges e1; e2 between components K1 and K2 and if we
take an orientation of the graph such that the edges e1 and e2 are both oriented from
K1 to K2 then clearly G with this orientation has no antisymmetric ow. A 2-edge-cut
will be also called a 2-cut. When the arcs of the 2-cut are oriented towards the same
component we will call it an oriented 2-cut. The question now is to =nd the minimum
order of a group M such that any oriented graph without an isthmus or an oriented
2-cut has an M -ASF. We will prove that any graph without an isthmus or an oriented
2-cut has a (Z3)3 × (Z6)6-ASF.
3. 3-Edge connected graphs
The purpose of this section is to establish the following theorem.
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Theorem 1. Every oriented graph without an isthmus or an oriented 2-cut has a
(Z3)3 × (Z6)6-ASF.
We will use the following result proved in [1].
Theorem 2 (DeVos, Johnson, Seymour [1]). Let G = (V; E) be a 3-edge connected
graph, there exists a partitionA={A1; A2; A3} of E and a partitionAi={A1i ; A2i ; A3i } of
each Ai for i∈{1; 2; 3} such that for any i∈{1; 2; 3} the subgraph G \Ai is connected
and such that the subgraph G \ Aji for i; j∈{1; 2; 3} is 2-edge connected.
Proof. By the well-known technique of contracting edges (see [3,11,12]), it is easy
to see that any minimal counter example to Theorem 1 is a 3-edge connected graph.
Actually a minimal counter example is clearly an oriented loopless 2-edge connected
graph without an oriented 2-cut. Let {e1; e2} be is a 2-cut of G, then we can contract
e1 and obtain an oriented 2-edge connected graph without an oriented 2-cut which, by
minimality of G, has a (Z3)3 × (Z6)6-ASF. Keeping in mind that {e1; e2} is not an
oriented 2-cut, the (Z3)3 × (Z6)6-ASF of the graph, obtained by contracting e1, easily
yields a (Z3)3 × (Z6)6-ASF of G.
Thus we may assume that G is 3-edge connected. Let G be an oriented 3-edge
connected graph and let A1;A2;A3 be a 9 partition of its edge set as in Theorem 2.
For each i∈{1; 2; 3} there exists a Z3-ow fi of G such that fi(e)=1 for e∈Ai. Since
the graph Gji =(V; E \Aji ) is 2-edge connected, we may choose a nowhere-zero Z6-ow
gji of G
j
i by Seymour’s 6-ow theorem [11] for each i∈{1; 2} and j∈{1; 2; 3}. We
extend each of these ows to a ow of G by giving the value 0 to every edge in Aji .
We de=ne the following Z33 × Z66-NZF of G:























A11 1 0 * * ? * * * ?
A21 1 * 0 * ? * * * ?
A31 1 * * 0 ? * * * ?
A12 ? * * * 1 0 * * ?
A22 ? * * * 1 * 0 * ?
A32 ? * * * 1 * * 0 ?
A3 ? * * * ? * * * 1
In this table, we put in the =rst column the edge sets of the partition and in the =rst
row the components of the ow . We then put the diFerent possible values of the
ow’s component on the edges belonging to the corresponding set of the partition. The
“*” means that it is a non-zero value of a Z6-NZF and “?” means that the edge will
have a value of a Z3-ow with possibly 0.
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It is now easy to see that the ow  has no opposite values. Indeed, if two edges
belong to the same Aji or to A3 then the corresponding ow’s values will have the value
1 in the same component, hence they cannot be opposite. If the two edges belong to
the diFerent Aji or to A3 and an A
j
i , the corresponding ow’s values will have the value
0 in one component of the ow’s value of one edge and in the same component the
ow’s value of the other edge will have a value diFerent from 0. We have then a
Z33 × Z66-ASF. This completes the proof.
By the 4-Color Theorem, every 2-edge connected planar graph has a Z4-NZF. Using
this fact instead of Seymour’s theorem in the above proof yields the following result.
Proposition 3. Every oriented planar graph with no isthmus and no oriented 2-cut
has a Z33 × Z64-ASF.
We have to notice that this result is not better than the one obtained in [8] by a
diFerent method: for any orientation, a 3-edge connected planar graph has a Z56-ASF.
4. k-Edge-connectivity and antisymmetric !ows
We give now some results linking k-edge-connectivity (k ¿ 3) and antisymmetric
ows.
Theorem 4. Every oriented 4-edge connected graph has a (Z3)2 × (Z6)2-ASF.
To prove this result we =rst prove the following result.
Theorem 5. For every 4-edge-connected graph G, there is a partition of E(G) into
{X1; X2; X3; X4} so that setting A1=X1∪X2 and A2=X3∪X4, G\Xi is a 2-edge-connected
graph for every i and G \ Aj is connected for every j.
A hypergraph is a pair H = (V; E), where V is a =nite set whose elements are
called vertices and E is a family of subsets of V , called edges. We recall that a
hypergraph H =(V; E) is 2-colorable, if there is a 2-coloring of V such that no edge is
monochromatic. In the proof of Theorem 5, we shall make use of the following lemma
(see [5,10]).
Lemma 6. If H=(V; E) is a hypergraph, and for every subset {E1; E2; : : : ; Ek} of E(H),
the union of these k edges contains at least k + 1 vertices, then H is 2-colorable.
Proof of Theorem 5. Let G be a 4-edge connected graph and let T1, T2 be two edge-
disjoint spanning trees of G (here we use [7] or [16] or [4]). Now, we construct for
i=1; 2 a hypergraph Hi as follows: the vertex set of Hi is E(G)\E(Ti). For every edge
e in Ti, if S is the set of edges of E(G)\E(Ti) in the fundamental cocircuit of e, then S
is a hyperedge of Hi. We claim that the union of any k ¿ 0 edges of Hi contains more
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than k vertices for i=1; 2. To see this, let e1; e2; : : : ; ek be edges of Ti, let S1; S2; : : : ; Sk
be the corresponding edges of Hi and let R be the union of S1; S2; : : : ; Sk . Let G′ be the
graph obtained from G by contracting the edges Ti \ {e1; e2; : : : ; ek} and then removing
all of the loop-edges. By construction, E(G′)=R∪{e1; e2; : : : ; ek}. Now, {e1; e2; : : : ; ek}
is a spanning tree of G′, so |V (G′)| = k + 1. Since G′ is 4-edge connected, it has
minimum degree at least 4, and by summing degrees we =nd that |E(G′)|¿ 2k + 2.
Therefore, |R|¿ k + 2¿k as desired. It follows from the lemma above that H1 and
H2 are 2-colorable. Let {Xi; Yi} be a 2-coloring of V (Hi). Now, G \ Xi and G \ Yi are
2-edge connected for i = 1; 2. Replacing {X1; Y1; X2; Y2} by a partition {X ′1 ; Y ′1 ; X ′2 ; Y ′2}
so that X ′1 is a subset of X1 etc, gives us the desired partition of E(G).
We give now the shortest proof of Theorem 5.
Second proof of Theorem 5. Since G is 4-edge connected by Nash-Williams’ orienta-
tion theorem [6], G has a 2-edge connected orientation G˜. It means that G has an
orientation such that the oriented graph G˜ is strongly 2-arc connected. By Edmonds’
disjoint arborescence theorem [2] G˜ has two edge-disjoint spanning out-arborescences
O1 and O2 rooted at a speci=c root s. In the same vein, we have that G˜ has two
edge-disjoint spanning in-arborescences I1 and I2 rooted at s. Let X1 = {E \ E(O2)} ∩
{E \ E(I2)}; X2 = O2 ∩ {E \ E(I2)}; X3 = {E \ E(O2)} ∩ I2; X4 = O2 ∩ I2. If we re-
move one Xi then we leave intact one of the two out-arborescences and one of the
two in-arborescences; therefore G˜ − Xi is strongly connected and hence G − Xi is
2-edge connected. As G˜− (X1 ∪X2) contains I2, G− (X1 ∪X2) is connected. Similarly,
G − (X3 ∪ X4) is also connected. The four subsets Xi form a partition of E statisfying
the required properties of the theorem.
Proof of Theorem 4. Let G be a 4-edge-connected graph and {X1; X2; X3; X4} a
4-partition of E(G) as in the previous theorem. We de=ne a (Z6)2 × (Z3)2-NZF 




X1 1 0 * ?
X2 1 * 0 ?
A2 ? * * 1
It is easy to check that = (f1; f2; g1; g2) is a (Z3)2 × (Z6)2-ASF.
For the 5-edge connected graphs we have:
Theorem 7. Every oriented 5-edge connected graph has a Z53-ASF.
Proof. We replace each edge of the graph G= (V; E) by two parallel edges. Then the
new obtained graph G′ is 10-edge connected graph, so by Nash-Williams’ theorem [7]
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(see also [4,16]) it contains 5 edge-disjoint spanning trees. These =ve spanning trees
T1; T2; : : : ; T5 are spanning trees of G and one edge of G belongs to at most two diFerent
trees. For each Ti we choose a Z3-ow fi which is equal to 1 on E(G)\E(Ti). It is easy
to see that =(f1; f2; f3; f4; f5) is a (Z3)5-ASF of G. Indeed, for every pair of edges
e1; e2 ∈E, there is a spanning tree Tj with e1; e2 ∈ E(Tj). Thus fj(e1) = 1 = fj(e2),
and we =nd that (e1) = −(e2). It follows from this that  is a (Z3)5-ASF as
desired.
In the same vein we have:
Theorem 8. Every oriented 6-edge connected graph G has a Z23 × Z2-ASF.
Proof. Let G = (V; E) be a 6-edge connected graph. By Nash-Williams’ theorem [7]
(see also [4,16]) we know that the graph contains three edge disjoint spanning trees
T1, T2, T3. Let E1 =E \ {E(T2)∪E(T3)}, E2 =E(T2), E3 =E(T3). Let f1 be a Z3-ow
such that f1(e) = 1 for every e∈E1 ∪ E2, f2 be a Z3-ow such that f2(e) = 1 for
every e∈E1 ∪ E3 and g be a Z2-ow such that g(e) = 1 for every e∈E2 and with
value 0 on E3. It is then easy to see that the ow  = (f1; f2; g) is a Z23 × Z2-ASF,
we summarize the situation by the following table:
f1 f2 g
E1 1 1 ?
E2 1 ? 1
E3 ? 1 0
5. Concluding remarks
The bound Z23 ×Z2 for 6-edge connected graphs is already of reasonable size. Cur-
rently, the best lower bound (obtained via duality and oriented chromatic number) is
16 for 3-edge connected graphs. However, this is presently also the best lower bound
for antisymmetric ows for planar graphs.
The diUculty of coloring of planar oriented graphs by oriented circulants is perhaps
surprising (as illustrated by the gap 7776 versus 80; see [8,9]). We have to notice that,
in 2001 Samal [13] improved the upper bound to 672.
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